We study the relaxation of an electron spin qubit in a Si quantum dot due to electrical noise. In particular, we clarify how the presence of the conduction band valleys influences the spin relaxation. In single-valley semiconductor quantum dots, spin relaxation is through the mixing of spin and envelope orbital states via spin-orbit interaction. In Si, the relaxation could also be through the mixing of spin and valley states. We find that the additional spin relaxation channel, via spinvalley mixing and electrical noise, is indeed important for an electron spin in a Si quantum dot. By considering both spin-valley and intra-valley spin-orbit mixings and the Johnson noise in a Si device, we find that spin relaxation rate peaks at the hot spot, where the Zeeman splitting matches the valley splitting. Furthermore, because of a weaker field-dependence, the spin relaxation rate due to Johnson noise could dominate over phonon noise at low magnetic fields, which fits well with recent experiments.
I. INTRODUCTION
Spin qubit is a promising candidate as an information carrier for quantum information processing, [1] [2] [3] and silicon is one of the best host materials for a spin qubit.
3-10
Specifically, the low abundance of isotopes with finite nuclear spins ( 29 Si) in natural Si significantly reduces hyperfine interaction strength 11 and the induced spin dephasing. 7 Isotopic purification further suppresses this decoherence channel, so that Si behaves as if it is a "semiconductor vacuum" for a spin qubit.
10 Spin-orbit (SO) interaction in Si is also weak because of the lighter mass of Si atoms and the lattice inversion symmetry in bulk Si. 6, 9 Therefore, as has been calculated theoretically and measured experimentally, (donor-confined) spin dephasing and relaxation times are extremely long in bulk Si.
10,12,13
But Si is not perfect. The existence of multiple conduction band valleys 14 gives additional phase factors to the electron wave function, so that interaction between donor electron spins becomes sensitively dependent on the donor positions. [15] [16] [17] [18] [19] While interface confinement and scattering can lift this degeneracy, details at the interface, whether it is surface roughness or steps, play important roles in determining the magnitude of the valley splitting E V S , [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] so that device variability is large. Experimentally measured E V S ranges from vanishingly small, to several hundreds of µeV, 9, 30, 31 to possibly a few meV.
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Furthermore, to achieve controllability, spin qubits are generally located near or at the interface between the host and the barrier materials. Dangling bonds, charge traps, and other defects are inevitably present at the many interfaces of a semiconductor heterostructure, and the coherence properties of a spin qubit in a nanostructure is not as clearly understood and measured as in bulk Si.
With pure dephasing strongly suppressed in Si, spin relaxation becomes an important indicator of decoherence for a spin qubit. Spin relaxation could come directly from magnetic noise in the environment, or from electrical noise via spin-orbit or exchange interaction. Indeed, for a single spin in a quantum dot, we have shown 33 that electrical noise from the circuits or surrounding traps could be an important cause for spin relaxation, particularly at a smaller qubit energy splitting. In this previous study, however, we only considered intra-valley orbital dynamics for an electron in Si. On the other hand, it has been shown experimentally and theoretically that the presence of valleys in Si can be significantly modify spin relaxation through spin-valley mixing, and a relaxation hot spot appears at the degeneracy point where the Zeeman splitting matches the valley splitting.
9,34
In this paper, we study spin relaxation of a single QDconfined electron in Si due to the presence of electrical noise (including Johnson noise, phonon noise, and the 1/f charge noise) and the spin-valley mixing. We find that this relaxation channel is indeed important for an electron spin in a Si quantum dot. We find that spin relaxation rate peaks at the hot spot where the Zeeman splitting matches the valley splitting. Furthermore, because of a weaker field-dependence, the spin relaxation rate due to Johnson noise through spin-valley mixing could dominate over phonon noise and intra-valley scattering at low magnetic fields, which fits well with recent experiments.
The rest of the paper is organized as follows. In Sec. II we set up the system Hamiltonian and describe the mechanism of spin valley mixing. In Sec. III we derive the spin relaxation rate due to spin valley mixing and electrical noise. In Sec. IV we evaluate the spin relaxation rates due to Johnson and phonon noises, and compare the different spin relaxation mechanisms. Finally, conclusions are drawn in Sec. V. In the Appendices we discuss the field dependence of the spin relaxation, effects of the 1/f noise, and phonon noise spectrum in more details.
II. SYSTEM HAMILTONIAN
We consider an electron in a gate-defined quantum dot in a Si heterostructure (whether a Si/SiO x or a Si/SiGe structure). The growth-direction ([001]-direction in this paper) confinement is taken to be very strong, so that we focus on the in-plane dynamics of the confined electron. The strong field and strain at the interface lower the degeneracy of the Si conduction band by raising the energy of four of the valleys relative to the other two (in this case z and −z valleys). Moreover, scattering off the smooth interface further mix and split the two low-energy valleys. We label the two valleys as + and −, with valley splitting E V S . At this smooth-interface limit, and without considering the spin-orbit interaction, the valley degrees of freedom and the intra-valley effective-mass dynamics can be separated, so that the electron wave function can be written as |v, i, α , where v = ± is the index for the two lowest-energy eigen-valleys, i is the orbital excitation index within an eigen-valley, and α =↑ or ↓ is the spin index.
When the lateral confinement of the QD is sufficiently strong (> 1 meV), the intra-valley orbital level spacing is larger than the valley splitting E V S (assuming it is up to a fraction of 1 meV). In this case we can neglect the intra-valley excitation, and focus on only the lowest four spin-valley states, all in the ground intra-valley orbital state. These four states (with an implicit common orbital index i = 0) are |1 = |−, ↓ , |2 = |−, ↑ , |3 = |+, ↓ and |4 = |+, ↑ . Within the space spanned by these four lowest-energy spin valley product states, the total Hamiltonian for the QD-confined electron is given by
Here H 0 contains valley and Zeeman splitting, with ǫ i /2 being the energies of the product states in the absence of SO interaction and the environmental noise. Specifically,
H SV represents spin-valley (SV) mixing due to the SO interaction, with ∆ 23 and ∆ 14 the SV mixing energy:
Here the SO interaction is H SO = α − p y σ x + α + p x σ y , with the interaction strength α ± ≡ (α D ± α R ), and the x and y axes along the [110] and [110] directions (which also define the plane of the quasi-2D quantum dot). 35, 36 Here α D and α R are the Dresselhaus and Rashba SO interaction constants. The Dresselhaus SO interaction arises from the bulk inversion asymmetry, which in a Si QD could be from the interface disorder; While Rashba SO interaction arises from the structure inversion asymmetry and is tunable through the electric field across the QD. Lastly, H noise contains the electrical noise from the environment, with We first find the eigenstates of the confined electron in the presence of spin-valley mixing but in the absence of the environmental noises. As indicated in Fig. 1 , states |1 and |4 are always well separated energetically, by both the valley and the Zeeman splitting, so that we neglect the mixing of states |1 and |4 by ∆ 14 in this study. On the other hand, near gµ B B = E V S , states |2 and |3 are strongly mixed by the spin-valley coupling ∆ 23 . This degeneracy point is the so-called spin relaxation hot spot.
37,38 ∆ 23 is in general a complex number, and can be written as ∆ 23 = ∆ 1 + i∆ 2 and ∆ = |∆ 23 |. The electron eigenstates for H 0 + H V S are thus {|1 , |2 , |3 , |4 }, where
Here γ = arctan(|∆|/ǫ 3 ) and δ = arctan(∆ 2 /∆ 1 
where the relationship p −+ = −| p |+ = im * E V S r −+ / has been employed.
III. SPIN RELAXATION
With states |2 and |3 spin-valley mixed, and assuming that the electric dipole matrix element between the two eigen-valleys is non-vanishing, any electrical noise, which couples only states with the same spin orientations, can induce transitions between them and the other two eigenstates. The transition rate is proportional to the spectrum of the noisy electric field E( r) = ∇U ph ( r)/e, where U noise ( r) captures the potential of the noise in the system, such as Johnson noise, 1/f charge noise or phonon noise, which will be discussed later.
Experimentally, in the preparation of a spin-up initial state, the electron orbital and valley states are generally kept in the lowest eigenstates in order to avoid the unnecessary mixing of the spin and orbital dynamics. Therefore the most relevant spin relaxation processes involve the relaxation of states |2 and |3 . When E Z ≪ E V S , a spin-up electron is mostly loaded into the energy eigenstate |2 , while when E Z ≫ E V S , it is mostly loaded into |3 .
We first consider the relaxation of state |2 to the ground state |1 .
The relaxation rate Γ 21 = .
Here F SV (ω) captures the effect of the SV mixing while r −+ allows the inter-valley transitions. As shown in Fig. 9 , F SV (ω) peaks at the degeneracy point ω Z = E V S , where F SV = 1 and has a width of 2∆ because of the maximum mixing of the valley states at the degeneracy point. Away from it, when
On the low-energy side of the peak, with ω ≪ E V S ,
2 V S ≪ 1 approaches a small constant that is ∼ 0; On the high-energy side, with ω ≫ E V S , F SV ∼ ∆ 2 /2ω 2 , which approaches 0 as ω increases. This clear peak structure means that the spin-valley mixing induced spin relaxation is the most significant at the degeneracy point.
Assuming r
for the transition matrix elements between the valley states, 9 which implies that valley energy shift due to the electrical noise is the same in both valleys, the relaxation rate Γ 3 2 vanishes, and Γ SV becomes the only spin relaxation channel due to spinvalley mixing.
For the sake of completeness, we now consider the relaxation of state |4 . The relaxation of state |4 has two possible origins: The first is the relaxation to |2 and |3 . This is valley relaxation due to electrical noise, with a relaxation rate that is proportional to
The spin-valley relaxation of state |4 to |2 is identical to relaxation from |3 to |1 , because the transition matrix elements, the degree of spinvalley mixing, and the energy splitting are all the same for these two transitions. The second relaxation mechanism for state |4 is the relaxation due to spin-valley mixing of |4 and |1 , which has been omitted at the beginning, since the effect of |4 − |1 mixing is suppressed by the large energy separating |4 and |1 . However, when considering relaxation of state |4 , this particular spin valley mixing could certainly lead to additional relaxation. In the following, we focus on the spin relaxation Γ SV of states |2 and |3 with the flipping of spin-up state to spin-down state.
The spin relaxation mechanism discussed here is a consequence of spin-valley mixing and finite electric dipole matrix elements between the valley states. Therefore, as shown in the Eq. (8), the relaxation rate Γ SV is proportional to the matrix elements r −+ i 2 and the function F SV (ω), which captures the extent of SV mixing. Finally, the ω Z dependence of Γ SV is given by S E ii (ω Z )F SV (ω Z ), which depends on the specific noise spectrum S E ii (ω). For comparison, we also include in our discussion below spin relaxation due to intra-valley SO mixing, which has been studied extensively in the literature, especially for spin qubit in GaAs QD. 33, 35, [39] [40] [41] For spin qubit in Si QD, this intra-valley SO mixing induced spin relaxation is also present, and the corresponding relaxation rate is
where ω d is the lateral confinement strength of the QD, ω Z is the Zeeman frequency, and S E xx (ω) is the Fourier spectrum of the correlation of in-plane electric field fluctuations (the in-plane electrical noise is assumed to be isotropic, and out of plane electrical noise is neglected because of the strong vertical confinement at the interface). F SO contains the dependence on the SO interaction strength and the orientation of magnetic field. For a magnetic field along [110] direction as in Ref. 9 , we have
IV. RESULTS
In this Section we present spin relaxation rates for different noises, and compare the spin relaxation channels due to SV mixing and intra-valley SO mixing. We mainly focus on the electrical noise from Johnson noise and phonon noise. Although 1/f charge noise is ubiquitous as well in semiconductor material, we do find that spin relaxation due to 1/f noise is much slower compared to that due to Johnson and phonon noise. Thus we only give a brief discussion on 1/f noise in Appendix B.
A. Johnson Noise
Johnson noise is the electromagnetic fluctuations in an electrical circuit. For a gate-defined QD, Johnson noise inside the metallic gates, such as the source and drain circuits, could give rise to strong electrical fluctuations acting on the QD, and could induce spin decoherence for the electron confined in the QD.
The spectrum of Johnson noise S V (ω) =
where ξ = R/R k is a dimensionless constant, R k = h/e 2 = 26 kΩ is the quantum resistance, and R is the resistance of the circuit.
2 ] is a natural cutoff function for Johnson noise, where ω R = 1/RC is the cutoff frequency, and C is capacitors in parallel with the resistance R.
As shown in Fig. 2 , the Johnson noise of the circuits outside the dilution refrigerator is generally well filtered. Thus we consider only Johnson noise of the low-temperature circuit inside dilution refrigerator. The corresponding spectrum of electric field is S
2 , where l 0 is the length scale between the source and drain. Accordingly, the spin relaxation rate due to SV mixing and Johnson noise is
where F SV (ω Z ) is given by Eq. (9). The small capacitance of source and drain leads means that cutoff frequency ω R satisfies ω R ≫ ω Z , so that the cutoff function f c (ω Z ) ≈ 1. The low temperature environment ensures coth ( ω/2k B T ) ≈ 1. Therefore, the ω Z dependence of Γ SV is determined by ω Z F SV (ω Z ).
Compared with the intra-valley SO mixing mechanism, where Γ SO shows an ω 3 Z dependence, 33 Γ SV is linearly dependent on ω Z at low fields, when |E V S ≫ ω Z | so that
Because of this weaker field dependence, the spin relaxation rate Γ SV would dominate over Γ SO at very low magnetic fields. On the other hand, at high fields, when
2 Z , so that Γ SV ∝ 1/ω Z : the relaxation rate is slower as the external field increases. Thus at high fields the intravalley spin relaxation should dominate over inter-valley spin relaxation.
Below we carry out numerical calculations of spin relaxation rate in a small Si/SiO 2 QD. Based on the parameters of Ref. 9, the valley splitting here is set as E V S = 0.33 meV, the dot confinement energy is ω d = 8 meV, and the electric dipole matrix elements for the valley states are set as r We use the bulk g-factor g = 2, and the electron effective mass is m * = 0.19m 0 , where m 0 is the free electron rest mass. For the Johnson noise parameters, we choose the resistance R = 2 kΩ, length scale l 0 = 100 nm and temperature T = 0.15 K. Figure 3 shows the spin relaxation rates Γ SV through SV mixing (red dashed line), Γ SO through SO mixing (blue dash-dotted line) and the total spin relaxation rate Γ SV + Γ SO (black solid line) as a function of the applied 
B. Phonon Noise
Phonon noise is the most studied spin relaxation source, and is usually the dominant source of spin relaxation in the strong-magnetic-field regime because of the higher phonon density of states at high frequency. 9, [33] [34] [35] 39, 45 Although results for spin relaxation due to SV mixing and phonon noise have been obtained in Ref. 9 , we include this spin relaxation channel here for completeness. Furthermore, a unified treatment is given here for both phonon and Johnson noise, and the phonon bottleneck effect is taken into account in a simplified manner.
34
To obtain the results for phonon noise, we need the correlation of the electric field E( r) = ∇U ph ( r)/e, which can be derived based on the electron-phonon interaction potential U ph ( r), 34, 35 
where b † qj (b qj ) creates (annihilates) an acoustic phonon with wave vector q = (q , q z ), branch index j, and dispersion ω qj ; ρ c is the sample density [volume is set to unity]. The factor f (q z ) equals unity for |q z | ≪ d −1 and vanishes for |q z | ≫ d −1 , where d is the characteristic size of the quantum well along the z-axis. Here we consider deformation potential electron-phonon interaction, with Ξ qj being the deformation potential constants (piezo-electric interaction vanishes in Si due to the non-polar nature of the lattice). In Si, the deformation potential strength for different branches are Ξ 1 = Ξ d + Ξ u cos 2 θ (LA), Ξ 2 = 0 (TA) and Ξ 3 = Ξ u cos θ sin θ (TA), where Ξ d and Ξ u are the dilation and uniaxial shear deformation potential constants.
To calculate spin relaxation due to the phonon noise, we first need to obtain the phonon correlation functions, which are discussed in detail in Appendix C. Substituting the correlation functions into Eq. (8), we find that the dependence of Γ SV on the applied magnetic field is determined by the factor ω 5 Z F SV (ω Z ). Γ SO , on the other hand, is proportional to ω 7 Z . Both rates are proportional to the deformation potential strength Ξ j and inversely proportional to the seventh power of phonon velocity v j . Figure 4 shows the spin relaxation rates Γ SV through SV mixing (red dashed line), Γ SO through SO mixing (blue dash-dotted line) and the total spin relaxation Γ SV + Γ SO (black solid line) as a function of the applied magnetic field B 0 due to phonon noise. The parameters are ρ c = 2200 kg/m 3 , v 1 = 5900 m/s, v 2 = v 3 = 3750 m/s (data for SiO 2 ), Ξ d = 5 eV, Ξ u = 8.77 eV, T = 0.15 K, and the other parameters are the same as before. Similar to Johnson noise, the relaxation through the SV mixing dominates in the low magnetic field regime, and peaks at the degeneracy point. The relaxation rate through the intra-valley SO mixing is dominant in the high-magnetic-field regime, which shows B 7 0 dependence before the phonon bottleneck takes effect and the curves bend downward from the B 7 0 line. [33] [34] [35] The phonon bot- tleneck effect is due to the averaging of electron-phonon interaction matrix element for high frequency phonons. This reduction in the effective coupling strength causes the spin relaxation rate to decrease from the B 7 0 curve in figure 4 , and could even lead to suppression of spin relaxation, 33 as has been observed experimentally for spin singlet-triplet qubit. 46 Quantitatively, the relaxation time due to phonon noise is ∼ 100 s in a 1 Tesla field, and ∼ 0.1 ms in a 10 Tesla field.
C. Comparison of Johnson and Phonon Noises
In this section, we compare the magnetic field dependence of spin relaxation rate for Johnson noise and phonon noise. The effects of other noises, such as 1/f noise, are relatively small, as shown in Appendix B. Since the magnetic field dependence of spin relaxation is different for different noises, the dominant source of relaxation could be different in different regimes. For comparison, the phonon-induced relaxation rates (black dotted line) obtained without considering the phonon bottleneck effect (without the cutoff function) are also presented, which reproduces the original fitting in Ref. 9 . There are three interesting features to this figure: the spin hot spot, which we have discussed extensively in previous subsections, the high-field trend, and the low-field trend. Below we examine the later two features in more detail. Figure 5 shows that, at high B-field, spin relaxation due to phonon noise dominates over relaxation due to Johnson noise, as expected from the spectral densities of these two noises. Interestingly, at the highest magnetic fields in the figure, the curve without phonon bottleneck effect is more consistent with the experimental data. This somewhat unexpected discrepancy is probably due to the over estimation of the phonon bottleneck effect. In our calculation, we use an isotropic twodimensional Gaussian envelope function for the electron ground state, which in reality could be modified due to the irregular shape and the anharmonicity of the QD confinement potential. We also note that the measured relaxation rate seems to increase faster at the very high fields (> 4 T) than both theoretical calculations, with or without the phonon bottleneck effect. 9 This discrepancy could be due to another level crossing (and the associated spin hot spot) at a higher field that is not taken into consideration in the current study.
At low magnetic fields, the dominant spin relaxation channel crosses over from phonon noise to Johnson noise (around 2 T). As discussed in subsection IV A, the dominant relaxation mechanism at low magnetic field is due to Johnson noise and SV mixing. By considering the Johnson noise, the theoretical results of total spin relaxation (black solid line) is now more consistent with the experimental measurements in Ref. 9 , where the relaxation rate at B = 1 T is around 0.1 s −1 . Figure 6 shows the spin relaxation rate due to phonon noise and Johnson noise as a function of the applied magnetic field at a valley splitting of E vs = 0.75 meV. The other parameters are the same as in Fig. 5 , except the dipole matrix elements are a bit larger at r
9 In essence, throughout the whole field range in this figure, the system is on the low-energy side of the degeneracy point or the spin hot spot. As shown in Fig. 6 (a) , at higher magnetic fields, the dominant relaxation source is phonon noise and SV mixing. For lower fields, the dominant relaxation channel changes over to Johnson noise and SV mixing. Figure 6 (b) shows that, similar to Fig. 5 , after including the effects of Johnson noise, the theoretical results of total spin relaxation (black solid line) is now more consistent with the experimental measurements (green triangles) at lower magnetic fields, 9 where the relaxation rate at B = 1 T is around 0.3 s −1 . Figure 6 is essentially the low-energy side of Fig. 5 , with a shift in the peak position and a slight increase in the peak width. The enlarged plot does reveal more clearly one important fact: with the given Si parameters the phonons provide a more important relaxation channel compared to Johnson noise at the spin hot spot. The transition of the dominant relaxation channel happens at a field significantly below the degeneracy point, at just below 2 T. Again the no-cut-off results seem to fit the experimental data better than results with phonon bottleneck effect, probably with a similar reason as we discussed above.
V. CONCLUSION
In conclusion, we have studied spin relaxation of an electron due to Johnson noise and phonon noise in a Si QD with valley splitting. In particular, we clarify how the presence of the conduction band valleys influences the spin relaxation. By considering both mechanisms of SV mixing and intra-valley SO mixing in a Si QD, we find that spin relaxation rate due to Johnson noise and SV mixing peaks when the Zeeman splitting matches the valley splitting. Because of a weaker field-dependence, the spin relaxation rate due to Johnson noise dominates over phonon noise at low magnetic fields, which is consistent with recent experiments.
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Appendix A: Effects of the magnetic field orientation
The spin relaxation mechanism we study in this paper involves the spin-orbit interaction. When both Dresselhaus and Rashba SO coupling are present in a system, such as in a Si heterostructure, the orientation of the applied magnetic field plays an important role in determining the amount of transverse magnetic noise and thus the relaxation rate. Here we discuss this field orientation dependence in detail.
Consider a magnetic field in an arbitrary direction B 0 = B 0 (sin θ cos φ, sin θ sin φ, cos θ), where θ and φ are the polar and azimuthal angles of the magnetic field in the (xyz) coordinate system. By using the relationship p −+ = −| p |+ = im * E V S r −+ / , the spin-valley mixing matrix element ∆ 23 can be expressed in terms of the electric dipole matrix element,
where σ ↑↓ = ↑| σ |↓ is the spin flip matrix elements, and α ± are the spin-orbit coupling constants.
In order to calculate the spin flip matrix elements σ ↑↓ , it is convenient for us to express the spin state |ψ µ (|ψ µ =|↑ or |↓ ), which are the eigenfunctions of σ z ′ (z ′ axis along the magnetic field), in terms of the eigenstates |χ m of σ z : |ψ µ = m=±1/2 D (1/2) * (φ, θ, 0) |χ m , where
is the finite rotation matrix,
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|ψ ↑ = e −iφ/2 cos θ/2 |χ ↑ + e iφ/2 sin θ/2 |χ ↓ , (A2)
Therefore, spin flip matrix elements are σ ↑↓ x = cos θ cos φ + i sin φ and σ ↑↓ y = cos θ sin φ − i cos φ, and the square of the magnitude of the SV mixing matrix element is
When B 0 is along the z-direction (θ = 0, φ = 0),
When B 0 is in the plane of 2DEG (θ = π/2), The 1/f charge noise is quite common in semiconductor devices, and is often believed to be an important decoherence source for charge qubits. Here we explore how much it affects a spin qubit.
The 1/f charge noise is often measured via the fluctuations it causes in the energy levels in a quantum dot or a quantum point contact (QPC). [48] [49] [50] [51] Consider the current through a QPC connected to two leads. The current is sensitively dependent on the gate voltage applied to the QPC. By measuring the electric current fluctuations, the overall effect of the 1/f charge noise on the QPC can be measured. Normally, such an experiment has a finite frequency range, e.g. from a few Hz to hundreds of Hz. The measured energy level fluctuations actually depend on the frequency range of the measurement, and is thus dependent on the specific experiment. Thus here we first try to extract a quantity that is independent of the frequency range in these experiments.
We assume the current fluctuation spectral density due to the 1/f charge noise in a QPC to be S I (ω) = A I /ω. An integration of the spectrum yields 
where ω 0 and ω c are the lower and upper cutoff frequency (response frequency) in the experiment. dI QP C /dV G is the effective differential conductivity, which represents the variation of the electric current through QPC due to the gate voltage difference. Therefore, the quantity ∆V EG represents the effective gate voltage fluctuation due to charge noise in the system. In order to get the effective electric field on the electron in the QD, we should also consider the screening effect of the gate voltage. The quantity ∆V EG defined here is dependent on the frequency range of the measurement in the experiments,
We define a quantity ∆Ṽ EG = ∆V EG /( With the knowledge of the magnitude of 1/f charge noise, we can calculate the corresponding spin relaxation. The spin relaxation due to the SV mixing and 1/f charge noise is given by Γ SV = 2π
where r
−+ i
are the transition matrix elements between the two lowest valley states, A is the charge noise amplitude, ω Z is the Zeeman frequency. The dependence of 1/T 1 on the applied magnetic field is 1/T 1 ∝ B −1 0 F SV (gµ B B 0 / ), and the function F SV (ω Z ) is given by Eq. (9) . Figure 7 shows the spin relaxation rates Γ SV through SV mixing (red dashed line), Γ SO through SO mixing (blue dash-dotted line) and the total spin relaxation Γ SV + Γ SO (black solid line) as a function of the applied magnetic field B 0 due to 1/f charge noise. The results of spin relaxation rate Γ SO due to charge noise and intravalley SO mixing is from Ref. 33 . As shown in the figure, the relaxation through the mechanism of SV mixing dominates in the low magnetic field regime, and peaks at the degenerate point (gµ B B 0 = E V S ). The relaxation rate through the intra-valley SO mixing is dominating in the high magnetic field regime. The relaxation time due to the 1/f charge noise is about 10 4 s for a Si QD, when the Zeeman energy is away from the valley splitting. We consider the adiabatic condition, where the energy scale of the noise is much less than dot confinement energy E d = ω d and the valley splitting, so that the electron orbital state stays in the instantaneous ground state ψ( r) = exp −( r − r 0 ) 2 /2λ 2 /λ √ π, where λ −2 = −1 (m * ω d ) 2 + (eB z /2c) 2 is the effective radius. Then, we simplify the exponential terms e i q · r by its mean-field value e The spectrum of the phonon noise in the x-direction is therefore ( If the dipole approximation e i q · r ≈ 1 + i q · r is employed (for most spin qubit applications, the dipole approximation should be valid), so that f j (w, θ) = 1, the relaxation rate would have taken the form given in Ref. 34 . Furthermore, the temperature T of the lattice vibration is normally very low (T < 1 k), so that 2N w + 1 = coth( w/2k B T ) ≈ 1, in which case the spectrum of phonon noise shows a nice w 5 dependence.
